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Abstract 

In the present paper we prove a uniqueness theorem for the static and asymptotically 
flat solutions to the Einstein-scalar field equations which possess a photon sphere. We 
show that such solutions are uniquely specified by their mass M and scalar charge q and 
that they are isometric to the Janis-Newman-Winicour solution with the same mass and 
scalar charge subject to the inequality < 3. 


1 Introduction 

General relativity and the generalized gravitational theories predict the existence of space- 
time regions where light can be confined in closed orbits IfTl- lfTOll . These regions called 
photon spheres play a very important role in gravitational lensing which is a standard and 
powerful tool in modern observational astronomy and astrophysics 01,0. From the point 
of view of gravitational lensing the photon sphere can be considered as a timelike hypersur¬ 
face on which the bending angle of a light ray is unboundedly large 0,0. A more precise 
definition will be given below. In the presence of a photon sphere the gravitational lensing 
effect gives rise to the so-called relativistic images which are characteristic for relativistic 
gravity. It is commonly expected that ultracompact objects such as black holes, neutron and 
boson stars, wormholes and naked singularities are surrounded by a photon sphere IfTTl- lfTOl . 
Apart from its significance for gravitational lensing the photon sphere is intimately related 
to the quasinormal modes of ultracompact objects and is crucially relevant for their stability 

m, HTD-d. 

The photon sphere possesses some very specific characteristics which make it a very spe¬ 
cial and unique object. For example, in static spacetimes, as the explicit exact or numerical 
solutions show, the lapse function is constant on the photon sphere. Moreover, the photon 
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sphere is a totally umbilic hypersurface with constant mean curvature and constant surface 
gravity 0, Q, Iil5ll . With these properties the photon sphere resembles very much the black 
hole horizon. It is well known that the presence of an event horizon allows us to classify the 
asymptotically flat spacetimes only in terms of their conserved asymptotic charges, such as 
the mass and the electric charge in the static case lfl6l . In analogy with the black hole case, 
the natural question that arises is: Does the presence of a photon sphere uniquely specify the 
spacetimes with given asymptotic charges? In other words, we ask whether the spacetimes 
possessing a photon sphere can be classified only in terms of asymptotic charges (or other 
global physical quantities). The problem set in this way seems to be much more difficult 
that the classification of black hole spacetimes since the spectrum of spacetimes possessing 
a photon sphere is much richer than the spectrum of black hole spacetimes. Nevertheless, 
in some cases the desired classification can be achieved. Recently Cederbaum fl5l proved 
that the static, asymptotically flat solutions to the vacuum Einstein equations with mass M 
possessing a photon sphere are isometric to the Schwarzschild solution with the same mass. 
In the present paper we consider the more general case of static Einstein-scalar field equa¬ 
tions. We prove that the static and the asymptotically flat solutions to the Einstein-scalar 
field equations possessing a photon sphere are uniquely specified by their mass M and scalar 
charge q. More precisely we prove that the static and the asymptotically flat solutions to the 
Einstein-scalar field equations with mass M and scalar charge q possessing a photon sphere 
are isometric to the Janis-Newman-Winicour solution ifTTl with the same mass and scalar 
charge as well as with a certain restriction on the ratio q/M. 

2 General definitions and equations 

In the present paper we consider Einstein-scalar field theory described by the action 

S = i^— / d 4 x^W - 2g( 4 ^ v vi 4) cpvi 4) cp) , (1) 

where cp is the scalar field, v[ 4j and R' A] are the Levi-Civita connection and the Ricci scalar 
curvature with respect to the spacetime metric g A , v . This action gives rise to the following 
field equations on the spacetime manifold M t4] 

Ric$ = 2v£ 4) cpVi 4) cp, (2) 

v£ 4 M 4 Hp = o, 

( 4 ) 

with Ricfy being the Ricci tensor. It is important to note the following. Although the 
Einstein-scalar field equations can be considered in their own right they are in fact the "vac¬ 
uum" field equations of scalar-tensor theories presented in the so-called Einstein frame. In 
this way all results for (© obtained in the present paper can be easily transformed as results 
for an arbitrary class of scalar-tensor theories. 

In the present work we focus on static and asymptotically flat spacetimes. A spacetime 
is called static if there exists a smooth Riemannian manifold (M i? '‘K g l ' 3) ) and a smooth lapse 
function N : —y M + such that 
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M (4) =1x M (3) , g = -N 2 dt 2 + g (3) . 


( 3 ) 


In addition to the metric staticity we have to defined the scalar field staticity. The scalar 
field is called static if iEcp = 0 where is the Lie derivative along the Killing field £, = 
jj. We note that both notions of staticity are consistent since the Ricci 1-form Ric {4) [q] = 

cj'Ric^, dx w is zero due to the field equations and the fact that ^V^ 4> cp = cp = 0. 

We will adopt the following notion of asymptotic flatness. The spacetime is called 
asymptotically flat if there exists a compact set K such that — K is diffeomorphic 

to M?\B where B is the closed unit ball centered at the origin in M 3 , and such that 

g( 3 ) = 8+ 0(r _1 ), N = l~- + 0(r~ 2 ), cp = cp^ - * + 0(r~ 2 ), (4) 

r r 

with respect to the standard radial coordinate r of M 3 . Here M, epoc and q are constants with 
M and q being the mass and the scalar charge. We will consider spacetimes with M > 0 and 
without loss of generality we will set cp^ = 0. 

The dimensionally reduced static Einstein-scalar field equations are the following 

Ricf) = N~ 1 v| 3) V^pN + 2 Vp } cpV^ 3) cp, 

vf } v( 3) W = A ( % = 0, (5) 

v{ 3) (nV^‘ ^cp) = 0 , 

( 3 ) ( 3 ) 

where V- and Ric\j are the Levi-Civita connection and the Ricci tensor with respect to the 

* • ( 3 ) 

metric g\ - . 

Now we can define the notion of photon sphere. First we give the definition of photon 
surface ll5lUfT5Tl. 

Definition An embedded timelike hypersurface ‘B ’—y M {4i is called a photon surface if 
and only if any null geodesic initially tangent to f P remains tangent to B as long as it exists. 

The definition of photon sphere is a natural extension of the definition in the pure vacuum 
case Iff5l . 

Definition Let IP c —y M i4) be a photon surface. Then ‘P is called a photon sphere if the 
lapse function N and the scalar field cp are constant along P. 

It is worth noting that the definition of the photon sphere is very well justified by the 
known exact and numerical solutions in general relativity and the scalar-tensor theories as 
well as the studies of the gravitational lensing in these theories. 

As an additional technical assumption we shall assume that the lapse function regu- 

( 3 ) 

larly foliates the region of spacetime M ext exterior to the photon sphere. This means that 
g(3) (V(3)^V, V(3^TV) f 0 everywhere on M^J. In what follows we will use the function 
p : —y E 1 defined by 
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( 6 ) 


p= g^iV^Ny^N) 

Now let us consider the 2-dimensional intersection E of the photon sphere IP and the time 
slice By the definition of the photon sphere, E which is the inner boundary of M^J , 

is given by N — No for some No £ M + . The metric induced on E will be denoted by o. It is 
not difficult to see that our assumptions restrict our considerations to the case of a connected 
photon sphere. Moreover, all the level sets N — const, including Z, are topological spheres 
which is a direct consequence from our assumptions. 

By the maximum principle for harmonic functions and by the asymptotic behavior of N 

( 3 ) 

for r — y °o we obtain that the values of N on M ext satisfy 

Nq<N<\. (7) 

3 Functional dependence between the lapse function and 
the scalar field 

Here we show that there is a functional dependence between the lapse function N and the 
scalar field cp. More precisely we have the following 

Lemma. The lapse function and the scalar field are subject to the relation 

<P = -| ln( A0. (8) 

with M and q being the mass and the scalar charge respectively. 

Proof. Let us first use the fact that N is harmonic on m[ 3 J . Integrating N 3> N = 0 on M { fl 
and applying the Gauss theorem we have 

0 = f (3) A( 3) N]/^)d 3 x = l N^Ndrt - j> wf ] Nd 2 E f , (9) 

J M ext ■' Sj JY. 

where Sf is the 2-dimensional sphere at infinity. This result and the asymptotic behavior of 
N give 

M — — (f V^Nd 2 T! = — J> V^Nd 2 E*. (10) 

47C Jsl 4 n h 

In the same way making use of the field equation for cp, namely V ; - 3 ^ ^P/V ,3, '(pj = 0, and 
the asymptotic behavior of N and cp, we find 
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( 11 ) 


q=- vf } cp d 2 r = ^-No i Vp } cp d 2 t. 

47 iJsl 1 47 1 h 1 

( 3 ) ( 3 ) 

The next step is to consider = cpV- N — A In (A) V- cp. As a consequence of the field 

( 3 ) ( 3 ) ' 

equations for N and cp, it is not difficult one to show that V- J = 0. Integrating V- J — 0 

( 3 ) 

on M ext , applying the Gauss theorem and taking into account the asymptotic behavior of N 
and cp, we obtain 


cp V^Nd 


2 r = j N In (A) V ; - 3) cpc/ 2 Z', 


which in view of (fill) gives 


( 12 ) 


9o 


s ln(AW - 


The final step is to consider the divergence identity 


where 


A -1 (co, of) = V ; (3) 


((P-^MAO)^, 


(13) 


(14) 


oo / =AVp ) cp-— vJ 3) A. (15) 

As one can verify this identity is a consequence of the field equations for the lapse function 
and the scalar field. By applying the Gauss theorem to the above identity we obtain 

f Mi . 3 , AT 1 (co f co f ) ^)d i x = j s2 (cp-^ln(A))cD,J 2 E'- £ (cp-^ln(A)) 0 ) ; J 2 Z'= 0,(16) 
where we have taken into account the asymptotic behavior of N and cp as well as (fl3l) in the 

( 3 ) ( 3 ) 

evaluation of the surface integrals. Since A > 0 on M ext we conclude that to, = AV- cp — 

^vPW = 0 on MglJ. Therefore we obtain cp = J^ln(A) +C with C being a constant. From 
the asymptotic behavior of N and cp or from eq.(fI3T) we find that C = 0 which proves ([8]). 

4 Some relations for the photon sphere and inequality for 
the scalar charge to mass ratio 

In this section we shall derive some key relations for the photon sphere and an important in¬ 
equality for the scalar charge to mass ratio. All these results will be directly or indirectly used 
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in the proof of the main theorem. We first recall the important result of Claudel-Virbhadra- 
Ellis 0: 

Theorem Let ¥ c —t Af ,4i be an embedded timelike hypersurface. Then ¥ is a photon 
surface if and only if it is totally umbilic (iff its second fundamental form is pure trace). 

Denoting the metric induced on ¥ by p the above result can be written in the form 




H 


tp 


(17) 


where is the second fundamental form and H T is the mean curvature of ¥. It is easy 
to show that is constant on ¥. Using the contracted Codazzi equation for (¥,p) ■—y 
(Af( 4 ),g( 4 )) we have 


Ric^(X,n) = ^X(H !P ), (18) 

where n is the unit normal to ¥ and X is a vector field tangent to ¥, i.e. X e Y{T¥). Taking 
into account the field equations we find Ric^ (X , n) — TX (cp)n(cp) = 0 since cp is constant on 
¥. Hence we conclude that X ( H !P ) = 0 which means that H s is constant on ¥. 

The same can be proven for the Ricci scalar curvature R 1 ’ of ¥. Applying the Gauss 
equation for ( ¥,p ) ■—>■ 


R {4) -2Ric W (n,n) =R <P ~ (jr^^ + Tr , (19) 

and making use of the field equations and (fTTT) . we find 

^ - |(// rP ) 2 -2(«(cp)) 2 . (20) 

Since H 1 ’ is constant on ¥ we have to show that n(cp) is constant on ¥. In view of the 
relation ([8]), it is enough to show that n(N) is constant on ¥. Since the spacetime is static, it 
is sufficient to prove that n(N) is constant on E. This will be done below. 

For the second fundamental form ‘J( L of (E,o) (M ,3 ky !3 *) (with a unit normal n) we 

have 

^(XJ) = s< 3 >(v£ 3) n,r) = g W(V x nJ) = ^ p(X,Y) = ^-p(X,Y), (21) 

where X,Y G r(7’E). Therefore we find which also gives a simple relation 

between the mean curvatures H 1 ' and H z , namely = ^H 1 ’. Using this information in the 
contracted Codazzi equation we easily find that Ric^ (X,n) — 0. 

In order to show that n(N) is constant on E we follow lfT5l . For an arbitrary X 6 FfTE) 
we have 
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(22) 


X(n(N)) 


X(n(N)) - (V^ 3) / i)(N) = (V^V ( %)(X,n) = 


N 


Ric®(X,n) -2X(cp)rc(cp) 


= 0, 


where we have taken into account the dimensionally reduced field equations © and the fact 
that N and cp are constant on E. Therefore n{N) is indeed constant on E. 

From the Gauss equation for (E,c) '—)■ (fP, p), and taking into account that the spacetime 
is static, it is easy to show that the Ricci scalar curvature R z of E is given by 


R z =R* = ^(// fP ) 2 -2(n(cp)) 2 . (23) 

The Gauss equation 


R (3) -2Ric {3 \n,n) = - (TrO^f + Tr {‘K^) 2 (24) 

for (E, a) gives 


R [3) - 2 Ric {3) («,«) = ^(// £ ) 2 . 


(25) 


In order to find Ric^ (n,n) we can use the dimensionally reduced field equations © and 


A (% = A^N + V (3 M%(«,n) +H z n{N) : (26) 


which leads to 


N 0 Ric {3 \n,n ) = -H z n{N) +2N 0 {n{q>)) 2 . (27) 

Using again the dimensionally reduced field equations one can easily show that R^ — 
2(n(cp)) 2 which combined with (l25l ) and (l27b gives 

NoR 1 - = 2 H z n{N) + ^V 0 (// £ ) 2 - 2iV 0 (n(cp)) 2 - (28) 

We can eliminate R~ from (l23b and (l28b by integrating over E and using the Gauss-Bonnet 
theorem f L R L \/cid 2 x — 8tc for the topological sphere E. The integration reduces (l23b and 
(128b to the following relations 


No = ^H z n(N)Xk + -^N Q (H I -) 2 Sh-^No(n^)) 2 ^k. 


( 29 ) 
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From these equations it is easy to show that the following important relation is satisfied 


2n(N) = N 0 H Z , (30) 

or equivalently 

N 0 H Z p 0 = 2, (31) 

by taking into account that n(N ) = pk l . 

The presence of a photon sphere imposes a very important restriction on the scalar charge 
to mass ratio. It is convenient to express this restriction in terms of the parameter v defined 
by 


2 \ - 1/2 


V ' 1 + M 1 - 


For this purpose we first rewrite (fTOl) and (fill) in the form 


(32) 


M = -3- n(N)S\ 

An 4npo 


(33) 


q = 7-A^ 0 n(cp)^z- 

47t 


(34) 


Substituting relations (1331) and (1341) in (1291) and after some algebra we obtain 


v 2 M 


(35) 


This inequality combined with the definition of v gives the desired inequality for v, namely 


^ <v< 1, (36) 

„2 

which is equivalent to < 3. 

5 Uniqueness theorem 

The main result of the present paper is the following 

Theorem There can be only one static and asymptotically flat spacetime cp), 

satisfying the static Einstein-scalar field equations, possessing a photon sphere T < —* M iA] 
as an inner boundary ofM A \ with lapse function N regularly foliating M A] and given mass 
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M and scalar charge q. Moreover, the solution is isometric to the Janis-Newman-Winicour 
solution with j << 1. 

Proof: The strategy of the proof is the following. The first and the most difficult step is to 
prove that the spacetime is spherically symmetric. Then we construct the solution explicitly. 

(3) 

Let us consider the 3-metric h on M ext defined by 

hij=N 2 g\f. (37) 

In terms of the new metric the dimensionally reduced equations become 


R(h)ij = 2Dj]n(N)Dj\n(N) +2D,cpD 7 cp. 

DjD'ln(N) — 0, (38) 

DiD' cp = 0, 

where D, and R{h)ij are the Levi-Chivita connection and the Ricci tensor with respect to hjj, 
respectively. Taking into account the functional dependance cp = ^ ln(/V) the equations (1381) 
can be cast in the form 


R{h)ij = 2D i \n(N)D j \n(N), (39) 

AD ; 'ln(iV) = 0, 

where we have introduced a new function 

N = N 1/v . (40) 

Proceeding further we consider the Bach tensor 

R(h) ijk = 2D [i R(h) j]k +^h k[i D j] R(h). (41) 

Using eqs. (l39l) after a long calculation we find 

D l (n-'DiX) - ^x~ 7 &R(h)ijkR(h) ijk , (42) 

where 

/ .. l 1 _ A7 AAI 

x = ( ti J DiHDjH ) T , H = - a = -(43) 

V 11 1 +N’ (1 +N) 2 

We can combine the equation for N from (l39l) with eq. (l42l) to obtain another divergence 
identity 
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( 44 ) 


D' [a - 1 (HDa-xDiH)] = ^Hx- 7 ^R(h) iJk R(hyj k . 


Since H > 0 we obtain the inequality 


[ (3) A [a- 1 (HDa - XD,H )] Vhd 3 x > 0. (45) 

^ Mext 

Another inequality can be obtained by taking into account that H < 1, namely 


f A (a- 1 Ax) Vhd 3 x > f A [TT 1 (HDa - XDiH)] Vhd 3 x. (46) 

J M ext J M ext 

In both cases (1451) and (1461) the equality holds if and only if R(h) ijk = 0. 

Calculating the integral in (l45l) by using the Gauss theorem and taking into account (|3T1) 
we get the inequality 


In the same way (l46l) gives 


N 2 


<2v- 

- 2v+r 


(47) 


2 2v — 1 

N 2 = (VJ > —. (48) 

2 

Hence we conclude that N 2 — Nq — and therefore R(h)jj k = 0. This means that the 
metric hjj is conformally flat. As an immediate consequence we get that y (/ is conformally 

flat too (i.e. R(g)ijk = Ryl = 0). 

( 3 ) 

Since N regularly foliates M), xt we can introduce adapted coordinates in which the metric 

( 3 ) 

g)j takes the form 


g^ — p 2 dN 2 + c, (49) 

where o A b is the 2-dimensional metric on the 2-dimensional intersections Z,v of the level 

( 3 ) 

sets N = const with the time slice M ex {. Using the formula 


o( 3 A(3)('A — _ 

ijk ^y4p4 


tfg ~ I hLn °Ab) (^ NAB ~ 


, (50) 


where is the extrinsic curvature of (Ejv,o) '—>■ and H Ln is its trace, we 

conclude that 
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The last equality means that p depends only on N. As in the previous section one can show 

that H^ N and the Ricci scalar curvature R Ln are constant on Z ; y . Therefore Z,y are round 

( 3 ) 

spheres. Hence it is easy to conclude that the metric is spherically symmetric. The same 
holds for the metric hij. 

In order to find the solution in explicit form let us notice that equations (l39l) are in fact 
the static vacuum Einstein equations written in terms of the metric hij with an effective lapse 
function N having the asymptotic N — 1 — ^ + 0(r~ 2 ) . Knowing that the Schwarzschild so¬ 
lution is the only static and spherically symmetric solution of the vacuum Einstein equations 
we have 


N 2 


2 M 
Vr ’ 


hjjdx l dx J — 



dr 2 

i 2 M 
1 vr 


+ r 2 dCl 2 2 , 


(52) 


where dQ. 2 2 is the standard metric on the unit 2-dimensional sphere. Recovering the original 
lapse function N from (l40l) and the 3-metric form (1371) we find 


N 2 = N 2v = 



gfj'dx'dx' — N 2 hijdx l dx 2 — 



-V 

dr 2 + 



1—v 

r 2 dQ. 2 sl . 


(53) 

(54) 


Having the explicit expressions for the lapse function and the 3-metric we can write the 
desired solution 


ds 


2 _ 
JNW ~ 


g^dx /J dx v = — ^1 


<?JNW 


2 M \ vr J 
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2 M 
vr 


dt T 



-V 

dr 2 + 



l-v 

r 2 dCl 2 2 , 


(55) 


which is just the Janis-Newman-Winicour solution with j < v(M,q) < 1. This completes 
the proof of the theorem. 

In the context of scalar-tensor theories of gravity the above uniqueness theorem can be 
formulated as follows. Let us consider a scalar-tensor theory defined by the coupling function 
A(cp). Then the unique solution possessing a photon sphere and with mass M and scalar- 
charge q is given in the Jordan frame by the metric 


ds 2 =A 2 (<p JNW )dsj NW . 


(56) 





6 Discussion 


In the present paper we have proved that static and asymptotically flat solutions to the 
Einstein-scalar field equations possessing a photon sphere are uniquely specified by their 
mass and scalar charge being isometric to the Janis-Newman-Winicour solution with the 
same mass and scalar charge subject to the constraint < 1. Our result was 

proven under the technical assumption that the lapse function regularly foliates the space- 
time. This condition is rather natural from a physical point of view. Nevertheless, in seeking 
mathematical generality, the mentioned condition can be relaxed. Once having the explicit 
form of the unique solution, this could be done by using a technically modified version of 
the approach of lfT8l or [fT9l . 

In general, in order to apply the approach of [fT8ll or [fT9l we have to know the unique 
solution in advance. In the simplest cases the unique solution can be guessed but in the more 
complex situations this is practically impossible. The wise approach to the problem seems 
to be the following. We can first use a constructive method, like the one used in the present 
paper, which allows us not only to prove the uniqueness but also to derive the desired solution 
and then, in order to relax a given condition, we could use a technically modified version of 
the approach in lTT8l or |[T9l . In our next works we shall demonstrate this combined approach 
on the Einstein-Maxwell equations and on other equations of physical interest. 

Acknowledgements: The author would like to thank C. Cederbaum for discussions and the 
Research Group Linkage Programme of the Alexander von Humboldt Foundation for the 
support. The networking support by the COST Action MP1304 is also gratefully acknowl¬ 
edged. 


References 

[1] B. R. Iyer, C. V. Vishveshwara, and S. V. Dhurandhar, Class. Quant. Grav. 2, 219 
(1985). 

[2] R. J. Nemiroff, P. A. Becker, and K. S. Wood, ApJ 406, 590 (1993). 

[3] R. J. Nemiroff, P. A. Becker, and K. S. Wood, ApJ 434, 395 (1994). 

[4] K. Virbhadra and G. F. R. Ellis, Phys. Rev. D62 ,084003 (2000). 

[5] C.-M. Claudel, K. S. Virbhadra, and G. F. R. Ellis, J. Math. Phys. 42, 818 (2001). 

[6] K. Virbhadra and G. F. R. Ellis, Phys. Rev. D65, 103004 (2002). 

[7] T. Foertsch, W. Hasse, and V. Perlick, Class. Quant. Grav. 20, 4635 (2003). 

[8] R. Narayan, New J. Phys. 7, 199 (2005). 

[9] V. Cardoso, L. C. B. Crispino, C. F. B. Macedo, H. Okawa, and P. Pani, Phys. Rev. 
D90, 044069 (2014). 


12 


[10] M. C. Baldiotti, Walace S. Elias, C. Molina and Thiago S. Pereira, Phys. Rev. D90, 
104025 (2014). 

[11] M. Dafermos and I. Rodnianski, Lectures on black holes and linear waves, 
arXiv:0811.0354v1. 

[12] V. Cardoso, A. S. Miranda, E. Berti, H. Witek, and V. T. Zanchin, Phys. Rev. D79, 
064016 (2009). 

[13] I. Stefanov, S. Yazadjiev and G. Gyulchev, Phys. Rev. Lett. 104, 251103 (2010). 

[14] Y. Decanini, A. Folacci, and B. Raffaelli, Phys. Rev. D81, 104039 (2010). 

[15] C. Cederbaum, Uniqueness of photon spheres in static vacuum asymptotically flat 
spacetimes, arXiv: 1406.5475 [math.DG] 

[16] M. Heusler: Black hole uniqueness theorems, Cambridge University Press (1996) 

[17] A. I. Janis, E. T. Newman and J. Winicour, Phys. Rev. Lett. 20, 878 (1968). 

[18] G. Bunting and A. Masood-ul Alam, Nonexistence of multiple black holes in asymp¬ 
totically euclidean static vacuum space-time, Gen. Rel. Grav. 19, No2, 147 (1987). 

[19] P. Miao, Class. Quant. Grav. 22, L53 (2005). 


13 


